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ON  THE  CONSTANCY  OF  TANGENTIAL  RUPTURE  IN  A 
RAREFIED  PLASMA 
37 

L.  D.  Pichakhchi 


On  the  basis  of  magnetohydrodynamic  equations  of  Chu,  Gol’dberg  and  Lou  have 
been  analyzed  problesm  concerning  the  constancy  of  tangential  rupture  in  a  plasma. 

In  general,  the  caee  of  arbitrary  parameters,  which  characterize  the  rupture  obtained 
an  adequate  constancy  condition,  and  for  a  special  case,  when  the  jump  is  experienced] 
only  by  the  speed  of  the  plasma,  a  zone  of  constancy  was  attained.  jj 

i 

We  like  to  point  out  that  the  plasma  is  described  by  a  system  of  magneto-  { 

m 

hydrodynamic  equations  by  Chu,  Goldberg  and  Lou  (.1-3) t 

dv»  \ 

P-n+fw* 


dfff  _|_  ^  dvt _ _ vPtk  1  xr  1  *■  dHi 


where 


dt 


'dxk  iv'dx+A*  kdxk' 


(\) 


Put  4 


'Pt—Px 


dt 


4-divpv-O, 


^•rotlvHJ,  dlvH-0,  £=  -  i(vH|, 


(3) 

<«) 


•  m-'  <s> 


Within  the  frames  of  the  system  of  equations  (l)  -  (5)  the  density  tensor 
of  the  pulse  flow  and  the  density  vector  of  the  energy  flow  have  the  appearance  of: 


.  n«  -  ?Wk+P<>  -  ~  - 1 ,  (0 

Q-pv(^+«+^)  +  ^AH(vH)+iiH[vHj],  (7) 

. .  :  • 

where £«  Cpa ♦  i  Pm)  -  sought  for  internal  energy  of  the  plisma.  Having 

expressions  (6)  and  (7),  t.  'he  known  method  (4»5)  we  obtain  easily  the  conditions 


for  tangential  rupture: 


vx  *»  0,  Hr  ™  0, 

MS)-* 
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The  Mgnotie  field  B  and  speed  ▼  lie  in  the  rupture  area  and  experience  arbitrary 
Junpe.  Density  jumps ^  and  pressure  anisotropy  a  »  pJ(  *  p^are  also  arbitrary,  and 
the  pressure  p^is  connected  with  the  magnetic  field  by  the  relationship  (9), 

The  investigation  of  constancy  of  tangential  rupture  will  be  conducted  by  a  method, 
which  was  utilized  in^^  in  care  of  magnetic  hydrodynamics  '■•'ith  scalar  pressure  • 

At  snail  disturbances  of  the  stationary  tangential  rupture  in  the  case  of  arbit¬ 
rary  H,v,j)  and  also  as  inj/j.^  it  is  possible  to  obtain  such  conditions  for  excitations 
on  the  surface  of  separations 


it 


'dz 


h'  +  i(B/,  +  HA)J  -0. 


</o) 


where  v' ,  h',  p»  -  small  excitations  of  values  v,H,p=  p ^  .whereby  a  system  of  xy* 
coordinates  was  derived,  bound  with  the  surface  of  the  stationary  separation  with 
axis  x  directed  along  the  normal  to  the  surface;  xi  -  small  displacement  value  of 
the  surface  of  separation  along  axis  x;  the  figurative  little  bows  here  end  further 
on  designate  the  difference  of  the  closed  in  them  value  on  both  sides  of  the  separa- 
tion  surface* 

Ve  linearize  the  system  of  equations  (l)  -  (5)#  To  solve 

exp  i(kr —  <»/) 

we  obtain  such  a  system  of  linear  equations*  \ 

M  —**  -  -  i  a 


OO 


“  y  \P‘ + puu'i  k  -f  (k0u)  _  JL' j  „» . 


(kv'}f*u0f  , 
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(ku')  =  0, 

.  *>ou'+:  (kou)v' —  (kv')u  =0 

' 

-Off -*)-*■ 


(U) 

( 13 ) 

(it) 

OS’) 

<!$ 

0?} 


Here  are  introduced  designations  =  u*  -  (k0v),  u  ~  u''  a'  -8ma^  excitations 

of  values  u,  a;  ko(0,ky,k8)-true  instantaneous  vector  at  the  plane  of  separation. 

In  writing  equations  (12)-(17)  are  included  conditions  (8). 

Eliminating  solutions  H»=  0,  which  offer  true  values  and  can  therefore  not 
lead  to  inconstancy,  and  eliminating  v',  we  will  obtain: 


j(M>  (' 

[fUs  \  <*  M*  /  (*,«)  9  J 


(W«o, 

£_fl_ hh!  o 

p  ?  V*  ’ 


Os) 

0*> 

(zo) 


Formulating  equations  (18)  by  k  and  u,  with  consideration  of  (19)  we  will  obtain 
together  with  equations  (20)  and  (21)  a  system  of  four  uniform  equations  for  the 
unknown  2i2^  ;  ^  The  characteristic  determinant  of  this  system  is  equalized 

to  zero  and  we  obtain  equations  which  bindl*/  and  k« 

u><  - «’ [k>u* (1  -f  2 P)  +  (M)3 (24  +  n +  f2Z) 

+  (MJM^^S^+SP+e^P+SP5)  ~(M)*(3^+9i4P+5P*)J=#  • 
where  :  *  % 

If  in  this  equation  is  written  that  k  =  kQ,  it  will  designate  phase  expansion 
rates  of  small  excitations  with  instantaneous  vectors,  which  lie  in  the  plane  of 
separation: 

where  ■■  t~  i  - - = - 

a  D‘=u*[i-l-2P-~n1(2A  +/*)], 

F  =  «V*[3/»  -j-  3/>  +  GAP  +  5/>*  -  +  9A P  +  5P*fi>  ■ 


K  t  =  *»  t  Vj  1\  4  =  v*  ±  I  j 


> 


(zj) 
(*  3  4) 


It^should  be  pointed  out,  that  the  velocities  Vs  and  Vf  -  actually  values, 
for  which  it  is  necessary  that 

IP 


F>0;  ~-F>  0.  (x+J 
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Ccnplez  values  7a  or  Vf  would  Indicate,  th-t  the  plasma  Is  unstable  with  respeet 

to  snail  excitations ^2,6^,  irrespective  of  the  tangential  separation  (rupture) ,77 oa 

such  considerations  we  will  assume  as  fulfilled  the  conditions  at  which  to  the  actual 

values  k  in  equation  (22)  correspond  actual  values  aJ.Frco  it  undor  such  conditions 

should  erise  the  condition  of  pocitivencss  of  the  free  member  in  (22),  Including  (24) 

this  gives*  ,  _.\ 

3/4  -f-  3/*  -j-  6AP-r  5P*  >  0.  (jt6  ) 

Instability  can  be  caused  only  ~y  complex  values  k^  (we  assume  that  k0-actual  value) 

ye  will  take  z  -  component  of  equo.tion  (18)  and  utilizing  boundary  conditions  (10) 

which  far  solving  (ll),cffcer  inclusion  of  zl  give* 

{>'  +  puu'}  -  0;  {«;  |  (k,u)>  -  0,  (Z  6~<0 

we  will  obtain* 

j 9j-o.  • 

From  equation  (22)  we  find  and  substitute  in  (26) 

S.  I  W ~ (V-  W  K«J(2W,+/>,)  -  kX  (3^+9A^+5Pfj 

V  V-  +2p,)  -  WpA^P.+dAfr+SP*) 

Pi  fri*i(l  —  -  (V  -  v,e,)*J 


Ou) 


F  nSfK^-v^(i+2/y-  ^^(3^+3?,+^.+^ 


ruri-n*  "W  v  rw  j  (t7) 

where  V  *  The  si^ns  and  v/ere  selected  so  that  the  excitations  remained 


finite  at  an  increase 


UH 


,  whereby  it  is  also  necessary  to  place  a  requirement, 
that  the  true  parts  of  the  radicals  should  be  positive.  At  any  values  of  parameters, 
equation  (27)  for  V  may  have  complex  roots  with  positive  imaginary  part,  which  will 
indicate  inconstancy  of  separation  (rupture),  Equation  (27)  can  be  written,by  intro¬ 
ducing  speeds  Va  an!  Vf  as  wall  as 

k..(,/S^±3  m 

(we  like  to  point  out  that  with  respect  to  formulas  (24)  and  (25)  V|  and  Vn  -  actual 
values)  in  form  of  ,  /O'— ViV«  —  »iWi 4- ^,«) ( Y—  vi»i  v»v» 4~ 

V _ _ _ - 
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-d 


/  vjiv-  w-v.-aa 

J  /  A  "  -■«  T  ■  ■- ,m  ***.-■“—  **  >  A,  a 


-  V,—  ■CrtH1'— Vi+K*J 


.  c»>. 


where 


(zix) 


(30) 


V*  will  present  (29)  in  a  square  and  bring  it  into  form  of 

f r- w*».  -  Krt)(^— *.*,+KJ  ( V— V)  -  K„)(K-  V,w,  +  *„)  X 
X(V-  m-VJHV-Vt+Y.W-  *,»«*—  W(r-*%+W-- 

-  /( V  -  /J(  r  _  VjV,  +  y„)C  -vn){v~-  v,  4-  K„)  x 

•  l',®»  ~  ^«>)  ( ^ "bYrni)  yAi)*(V  - «,»,  +  VM)\ 

How  is  possible  to  express  3uck  adequate  condition  of  t  inz-cntirl  separation  con¬ 
stancy* 

will  arrange  all  speeds  '^▼^♦Tsp  V^-Vsi...  -^vg+Vjg,...  v^  - 

Vu,  which  are  included  in  (30)  in  the  order  of  their  increase.  Since  the  speeds( 
included  in  tge  left  half  of  the  equation.a Iternato  with  the  velocities, included  in 
the  ri$it  half,  and  in  addition  they  alternate  and  are  'multiple*  of  velocities  *92*2 
♦  7a2*  ''V'jt*  TA2  of  left  ^1^  with  the  "multiple*  velocities -Q^v^  ♦  VA1»V|T^ 

**  of  the  right  half  of  the  equation,  then  all  roots  of  equation  (30),  and  also 
equation  (27),  will  be  actual  and  the  tangential  separation  (rupture)  will  be  con¬ 
stant. 

Next  we  will  investigate  equation  (27)  for  the  case  -..hen  ,  -ctors  vi»v2»u1»u2  aro 

loll,  when  *9^  *Ul  aU.2^'V‘ 

.  f  * 

for  snail  values  v*  ioo^ncxry  roots  V,  if  they  do  e::ist,  tend  toward  zero  with 
consequently  the  second  nenber  under  the  radical  equalling  unity  can  b«  disregar¬ 
ded.  v.’e  attain  aquations 

(Si) 

from  which  it  is  evident, that  separation  (rupture )v;ill  be  constant  upon  fulfillment 
of  condition  . 

?;«!  (1  -  A  j  +  h«§  (1  -  4)  -  (*  -  *,)*  >  0.  (32) 

In  case  of  arbitrary  ^ve  will  limit  the  class  of  separations  by  an  additional 
requirement 


par 


:  | 


r Ai^-OkSc.  «,*=« s=tt,  pt**Pt=p  (33) 
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and  will  introduee  a  aye  tea  of  coordinates,  in  which 


v,  —  r,  _  vt  u:-».  v, 

T  *'  5 — 2 


i — ja 
2  ‘ 


In  this  case  it  will  be  convenient  to  utilize  equation  (29), in  which  should  be 


added 


d**i,  vn-Yamr„  =* I’/, ■  i/,  ^r«i —  ■* ^ 

'flieny  *  0  foe  separations  (.23)  conditions  (32)  tranefora  into  condition 


(3V) 


65) 


In  the  other  boundary  ceaeya  1  equation  (29)  (in  which  conditions  (jl)  are  inclu¬ 
ded  after  after  increasing  into  square, provided  we  eliminate  the  true  roots  CO  *  0 
and  c*)  “  ±  (  “£  ±7^),  transforms  into 

»'*-*(«+4)  ,’+(t),-!!(t)  '•+  <30 

where 


Vt  =  uYZ(A+P),  r„=*tt ]/ 3(-4  +  P)-(1-^.  !-4-«Kl-^  <343) 

’•*e  will  divide  (36)  into  and  introduce  designations  1  VA  .  V*  „„  j 

fl. - ,  4. -ft  »^o»yVp.?>0.  '/*«> 

(H-2f>)(34  +  3/>)’  4K;  Vt  ’  _ 


it'* 

.Ae  7  = 


we  will  obtain 


*♦- 2xJ(l  -r P*)  +  P4  —  2p*  -hv«*  +  1—7“ °- 


.  <57; 


Equation  (37)  has  .urely  imaginary  roots, because 

(i  _p*)»— v(i—oa)<o, 

and  complex  roots,  because 

Y<l  — **}  <0.  (?t) 

To  the  ineqjoalities  (38)  and  (39)  should  be  added  inequality 

1 —  V  >  0, 

which  is  the  result  of  inequality  (25), 

A  direct  check  will  convince, that  the  vsluos  alpha  and  beta  ,which  satisfy  in 
equality  (39), should  be  eliminated  by  the  fact,  that  the  positiveness  condition 
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of  actual  ports  of  radicals  ia  (27)  is  not  fulfilled  here.  Ia  this  way  the  iaconetaney 
toy  originate  only  for  alpha  and  beta  values  which  do  satisfy  the  ine<iunlity  (38), 

On  the  drawing  are  a shown  zones  of  inconstant  separation  (hatched  by  horizontal  lines) 
for  two  values  ga  nasO,lj  l.For  ganaa^O  this  zone  is  contracted  into  the  section  of 
straight  beta  3  1.  Cn  the  drawing  is  drawn  a  straight  line  alpha  3  beta  which  separates 
the  constancy  zone  frco  the  inconstancy  zone  (hatched  by  vertical  linea)  of  separation 

Ue  shall  now  discuss  intermediate  values 
0<  1.  Recitations,  corresponding  to  these 

values  can  be  considered  as  :  superposition 
of  two  excite tions.which  correspond  to  values 
.v  »  0  and  v  3  1*  Considering  the  fact  that 
equation  (10),  (12)  -  (17)  are  linear, solu¬ 
tions  for  each  one  of  the  eocoitations  will 
be  indepehdent  and  in  agreement  with  the 
already  obtained  for  v  3  0  and  v  3  1*  Furthermore,  figuring,  that  not  the  value  of 
excitation  amplitude, nor  absolute  values  affect  the  found  zones  of  instability 
then  for  any  arbitrary  OL  v£_  1  both  zones  exist  together.  For  oxanple.when  ganraa  31 
the  instability  zona  will  be  the  entire  h&tched  part  of  the  area  alpha  and  bets 

(see  drawing). 

In  conclusion  I  want  to  express  sincere  thanks  to  prof  .V.L.  German  for  the  work 
proposed  by  him. 
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